Energy markets are strategic to governments and economic development. Several commodities compete as substitutable energy sources and energy diversifiers. Such competition reduces the energy vulnerability of countries as well as portfolios' risk exposure. Vulnerability results mainly from price trends and fluctuations, following supply and demand shocks. Such energy price uncertainty attracts many market participants in the energy commodity markets. First, energy producers and consumers hedge adverse price changes with energy derivatives. Second, financial market participants use commodities and commodity derivatives to diversify their conventional portfolios. For that reason, we consider the joint dependence between the United States (U.S.) natural gas, crude oil and stock markets. We use Gatfaoui's (2015) timevarying multivariate copula analysis and related variance regimes. Such approach handles structural changes in asset prices. In this light, we draw implications for portfolio optimization, when investors diversify their stock portfolios with natural gas and crude oil assets. We minimize the portfolio's variance, semi-variance and tail risk, in the presence and the absence of constraints on the portfolio's expected return and/or U.S. stock investment. The return constraint reduces the performance of the optimal portfolio.
Introduction
Energy commodities are of interest to both the government and several parties acting in the financial markets. From the viewpoint of countries and governments, energy prices are crucial to economic development, and raise energy vulnerability concerns (e.g. energy shortages and costs). Energy price uncertainty, such as price upsurges, can severely impair energy firms as well as energy consumers, and therefore economic activity. From the viewpoint of financial markets, commodity and commodity derivatives markets are useful to energy producers and consumers as well as portfolio managers. They play an important role in related risk-sharing processes. As a result, energy commodities have become an asset class, which is widely used for diversification, hedging or speculation prospects (de Roon et al., 2000; Gorton and Rouwenhorst, 2006; Jin and Jorion, 2006) . According to the United States (U.S.) Commodity WTI crude oil and natural gas markets. 2 Moreover, energy and financial markets are known to interact to a large extent, and exhibit a joint dependency (Barsky and Kilian, 2004; Hamilton, 1985; Kilian, 2009 ).
The proposed research tackles the interaction between the U.S. stock, natural gas, and crude oil markets as well as its significance to portfolio management. For this purpose, we consider daily natural gas and crude oil prices as well as daily quotes of the Standard and Poor's 500 index. We build our study on the findings of Gatfaoui (2015) . The author studies the three-dimensional dependence structure between the U.S. stock, crude oil, and natural gas markets. Findings highlight structural changes/breaks over time.
Hence, the resulting multivariate dependence structure is time-varying, and exhibits several variance regimes. Our added value and contributions extend previous study to portfolio management. We scrutinize practical implications for portfolio optimization across variance regimes. For this purpose, we consider several risk measures and various minimization constraints. The risk measures under consideration consist of the variance, semi-variance (e.g. downside variance) and tail risk (i.e. probability of underperforming a specified return threshold). We exploit the diversification power of energy commodities while minimizing the portfolio's (loss) risk. The employed risk measures incorporate the joint dependence structures of stock and energy commodity markets across regimes. Such regime-specific analysis allows for implementing an active portfolio management strategy. An efficient strategy should rely on tail risk minimization in the absence of a constraint on the portfolio's expected return. Differently, it should rely on semi-variance minimization in the presence of a return constraint.
The remainder of the paper is organized as follows. Section 2 summarizes the literature review.
Section 3 introduces stock and energy market data, and recalls data attributes. This section displays key statistics and regime-specific multivariate dependencies. Section 4 applies previous results to portfolio optimization under various risk management schemes. We focus on stock portfolios, which are diversified with holdings in both natural gas and crude oil assets. A performance diagnostic scrutinizes the risk and return tradeoff of corresponding optimal portfolios. Finally, section 6 concludes and proposes possible future extensions.
Literature review
We introduce acknowledged links between the U.S. stock market, crude oil and natural gas. We also highlight the recent role of energy commodities as portfolio diversifiers.
Index commodity trading favors the integration of stock and commodity markets (Domanski and Heath, 2007; Silvennoinen and Thorp, 2013; Tang and Xiong, 2012) . It also enforces comovements between stock and commodity prices. Such pattern supports the reported price/return correlation between these two asset classes, and within the commodity asset class (Eckaus, 2008; Falkowski, 2011; Kilian, 2009; Kilian and Park, 2009; Parsons, 2010; Pindyck, 2004) . 3 However, reported relationships are time-varying (Aloui et al., 2014; Brigida, 2014; Gatfaoui, 2015) . Crude oil and natural gas prices are cointegrated so that they exhibit a long-run equilibrium from which they depart in the short run (Brigida, 2014; Hartley and Medlock, 2014; Miller and Ratti, 2009; Villar and Joutz, 2006) . Crude oil and natural gas prices do indeed decouple in the short term whereas they couple in the longer term (Brown and Yücel, 2008; Gatfaoui, 2016; Hartley and Medlock, 2014; Ramberg and Parsons, 2012) . As a result, crude oil-specific shocks need more or less time to contaminate natural gas prices. Such feature opens the door to potential market-timing strategies on the commodity market. Hence, incorporating crude oil and natural gas commodities into an investment portfolio can make sense. And, commodities can help mitigate the resulting portfolio's risk.
As regards risk mitigation prospects, commodity markets present some interests to market participants.
Nowadays, their role as efficient portfolio diversifiers is strongly acknowledged (Goergiev, 2001; Jensen et al., 2000; Satyanarayan and Varangis, 1996) . For example, futures on commodities help diversify equity portfolios. They contribute to reduce risk, and potentially improve portfolios' returns (Hensel and Ankrim, 1993; Lee and Leuthold, 1985) . Incidentally, commodity markets exhibit a negative (and close to zero) correlation with stock markets (Harvey and Erb, 2006) . Such negative or null correlation provides equity portfolios with diversification rewards (Conover et al., 2010) . Commodities also contribute to improve the expected return of any conventional investment portfolio, which comprises stocks, bonds and cash (Bekkers et al., 2009 ). Thus, adding commodities to investment portfolios contributes to decrease (stabilize) portfolio volatility, and to stabilize (increase) corresponding returns (Conover et al., 2010; Christopherson et al., 2004; Harvey and Erb, 2006; Kim et al., 2011) . In particular, they contribute to decrease the loss risk of portfolios (Daigler et al., 2016) .
3 For example, the speculative bubble has engendered oil price spikes during the financial crisis.
Including commodities into investment portfolios provides further benefits, specifically when equity markets are resilient and inflation is large. Commodity futures are negatively correlated with equity/bond returns, whereas they are positively correlated with changes in both expected inflation and unexpected inflation (Zvi and Rosanky, 1980; Gorton and Rouwenhorst, 2006) . Thus, commodities offer a hedge against unexpected inflation (at least in the long run) because they are real assets (Greer, 2006; Hensel and Ankrim, 1993; Kaplan and Lummer, 1997) . However, the diversification benefits of commodities vary over time. The diversification's effectiveness is sensitive to the financial market's disturbances (i.e. stressed market times; Büyükşahin et al., 2010; Cheung and Miu, 2010) . The business cycle also influences such relationship (Chevallier and Ielpo, 2013; Chevallier et al., 2014) . For example, the diversification power of commodities vanishes when the correlation between stock and commodity markets is strong (Silvennoinen and Thorp, 2013) .
Energy and stock market data
We summarize the statistical features and key attributes of crude oil, natural gas, and Standard and Poor's index time series.
Dataset and properties
Analogously to Gatfaoui (2015) , we consider daily logarithmic returns from January 8, 1997 to January Gatfaoui (2015) reports skewed, leptokurtic, non-Gaussian, but mean-stationary returns. Moreover, crude oil, natural gas and SP500 index returns exhibit structural changes in their respective variances, while their respective means exhibit a unique regime. The reported five breakpoints allow for identifying six variance periods. The six periods summarize into four possible variance regimes (see Figure 1 ). The four variances regimes consist of a very low (VL), low (L), medium (M) and high (H) regime. Variance regimes are specific to each return series (see Table 1 ). 
Multivariate dependence structures across variance regimes
At the multivariate level, previous return-specific variance regimes summarize into ten periods. These ten periods summarize into nine variance regimes (see Gatfaoui, 2015) . The joint dependence structure between crude oil, natural gas and SP500 returns is investigated across these ten periods, or equivalently, across these nine variance regimes. The set of possible representations consist of the Clayton, Frank, Gauss, Gumbel and Student T copulas. Such copulas handle various tail behaviors (i.e. non existing, symmetric, lower or upper tail dependence; Cherubini et al., 2004; Embrechts et al., 2003; Gatfaoui, 2010; McNeil et al., 2005; Patton, 2009; Sklar, 1973) . As a result, the three-dimensional dependence structures investigate extremes' dependence (see Table 2 ). During the first three periods, SP500 variance regime drives tail dependence. Over the remaining periods, the variance regimes of energy commodities drive the dependence structures. The stock market disturbances of late 90s and early 2000s coincide with upper tail dependence. Tail dependency challenges portfolio management because it refers to comovements between the low and/or high extreme returns of SP500 index, crude oil and natural gas. According to Gatfaoui (2015) , the balance between the variance regimes of crude oil, natural gas and SP500 drives tail dependence over time. As a result, the joint dependence structure between the three assets is regime-switching. Hence, a diversified portfolio composed of SP500 index, crude oil and natural gas assets needs to get reallocated across regimes. Such feature favors an active and regime-specific portfolio management since portfolio rebalancing should operate over each regime.
Given the diversifying role of commodities, we will consider a stock portfolio, which we immunize with energy commodities, such as crude oil and natural gas. Such commodity investment allows for benefiting from a direct exposure to commodity price changes. Moreover, including crude oil and natural gas commodities benefits from the short-term decoupling and long-term coupling of corresponding prices.
It allows for capturing the market-timing strategies, which result from the regime-switching nature of stock, crude oil and natural gas markets.
Portfolio optimization
The dynamic nature of natural gas, crude oil and U.S. stock markets' dependencies causes shifts in their joint risk across reported regimes. In particular, interdependencies between U.S. commodity and stock markets drive the risk-sharing process, such as volatility spillovers. Such feature has significant implications for risk mitigation and portfolio management (i.e. dynamic asset allocation process and related optimization practice; Buckley et al., 2008) . The portfolio's risk exposure and performance are altered because the time variation in risk needs to be reckoned. As an example, we consider a portfolio composed of U.S. stocks, which are diversified with holdings in both natural gas and crude oil assets. The investment portfolio under consideration comprises the SP500 index as well as natural gas and crude oil commodities.
Such portfolio strategy exploits the hedging role of energy commodities against the liquidity risk of equity markets, among others. The optimal portfolio composition, or equivalently, the portfolio allocation profile is determined while minimizing the portfolio's risk exposure (e.g. limiting the risk of underperformance) over a given investment horizon. The investment horizon consists of a specific variance regime. In this light, we consider several risk measures, among which the variance of the portfolio's return, and the portfolio's downside risk such as semi-variance and tail risk (Mansini et al., 2014; Kolm et al., 2014) .
Corresponding portfolio optimization exploits previous copula representations as a robust tool (Kakouris and Rustem, 2014) . In particular, we handle the asymmetry in returns, which is a significant issue to both portfolio selection (Harvey and Siddique, 2000; Kraus and Litzenberger, 1976; Samuelson, 1970) , and portfolio decision making (Barberis and Huang, 2008; Mitton and Vorkink, 2007) .
Variance minimization
We consider an investor whose wealth is devoted to a portfolio composed of the SP500, crude oil and natural gas assets. We label w1, w2 and w3 those parts of wealth, which are respectively invested in each of the three assets. As formerly introduced by Markowitz (1952 Markowitz ( , 1959 , the investor seeks a mean-variance efficient portfolio. Under a given return target, which represents the desired average portfolio performance over the investment horizon, the efficient portfolio's risk, which is measured by its return's variance, is minimized. Assuming that the investor dedicates all of his/her wealth to the portfolio, the portfolio's weights sum to unity. Hence, the investor needs to solve for the following optimization problem in order to determine his/her optimal portfolio (i.e. the best portfolio's allocation, subject to the performance constraint):
where RP = w1 RSP500 + w2 ROil + w3 RGas is the portfolio's return, and
E[RGas] is its average counterpart (E[.] is the expectation operator), r is the targeted average return, and
Var(RP) is the variance of the portfolio's return. When weights are positive (and, specifically, between 0 and 1), no short sale is allowed, while short selling is allowed under negative weights. When returns follow a Gaussian probability distribution, a simple solution to the optimization problem exists (Lintner, 1965; Markowitz, 1952; Sharpe, 1964) . But, asset returns are far from being Gaussian because of their tail fatness and asymmetry properties. Moreover, their dynamic joint behaviors across reported regimes often deviate from the Gaussian setting.
Let w and R be the vectors of weights and asset returns respectively. The portfolio's return rewrites as RP = w' R where w' = (w1 w2 w3) is the transpose of vector w. Thus, the variance of the portfolio's return depends on the variance of the return vector R, and the joint dependence structure of the three portfolio constituents. As a result, the variance of the portfolio's return can rewrite as a function of the optimal copula, which describes the joint dependence structure of SP500, crude oil and natural gas returns. And, we can solve for optimization problem (1) while rewriting the components of the portfolio's variance Var(RP)
, ,
and
where FR(.) is the empirical cumulative distribution function of random variable R (i.e. a given return series; see Deheuvels, 1979) , and FR -1 (.) is its inverse counterpart, and c (u,v,w) is the relevant copula density function (i.e. optimal copula representation). By so doing, we handle potential departures from normality, when computing the variance risk measure. We consider four possible cases while solving for the optimization problem above-mentioned (see Table 3 ). Such cases are compared to a benchmark portfolio, which consists of a naïve portfolio, or equivalently, an equally-weighted portfolio. 4 First, cases 1 and 2 assume a fixed target return (i.e. the investor's objective of average portfolio performance), whereas cases 3 and 4 let the optimization procedure determine the target return. The two latter cases are useful to study the feasibility of the optimization problem, and help correct for a too ambitious, or unrealistic target of portfolio performance. Under cases 1 and 2, the target return is equal to the naïve portfolio's performance plus a proportion of its absolute performance. In particular, the target return is set to the naïve portfolio's average return plus 0.5 times (i.e. fifty percent of) the absolute value of the naïve portfolio's average return.
Hence, the optimal portfolio is required to outperform the naïve portfolio. Under cases 1 and 2, the optimization process yields the optimal portfolio's weights under a fixed target return. As an extension, cases 3 and 4 yield both the optimal portfolio's weights and corresponding optimal target return. The latter optimization cases help study the portfolio's risk-return tradeoff under the chosen risk measure. Second, cases 2 and 4 constrain the investment (w1) in SP500 to lie between 0 and 1, while w2 and w3 weights (i.e. commodity investments) are unconstrained. Under such setting, the investor necessarily holds the SP500 index in his/her portfolio, and diversifies the index with (short/long) positions in commodity investments. Allowing negative values for w2 and w3 weights exploits the hedging effectiveness of commodities with respect to SP500. Specifically, diversification possibilities vanish in the presence of positive dependencies, so that the portfolio requires short sales to hedge against such positive interlinkages (particularly, when the desired target return is high).
We also introduce the upside potential ratio (UPR) as a performance indicator, which writes as UPR =
. It is the ratio of the upper partial moment of order one to the square root of the lower partial moment of order 2. Over given investment horizon, the UPR is the ratio of all excess gains (with respect to the benchmark return r) to the downside risk (Sortino et al. 1999 ). In the UPR, lower partial moments measure the downside risk (Jarrow and Zhao, 2006; Unser, 2000) .
Minimizing downside risk: Semi-variance and tail risk
So far, portfolio managers worry more about the downside risk (i.e. risk of negative returns, or risk of underperforming a return target) than the symmetric risk measure proposed by the variance. In this light, the square root of the variance, or equivalently, the standard deviation is as an absolute risk measure, which lacks information or risk representativeness in the presence of asymmetric returns. As an extension, several downside risk measures such as the semi-variance and tail risk have been proposed (Alexander, 1998; Steinbach, 2001) . Downside risk measures help set up an optimal hedge, which offers protection against exposures to the risk of loss (Conlon and Cotter, 2013) .The semi-variance focuses on the portfolio's returns, which underperform a fixed target return r. These underperforming returns lie below the targeted performance r (e.g. a benchmark return, which illustrates the minimum acceptable average return; Markowitz, 1959) . In practice, the semi-variance measures the variance of the negative values of the difference (RP-r) between the portfolio's return and its targeted performance. In this light, the semi-variance symbolizes a measure of regret because it focuses on the failure to reach the target return. Under such setting, the portfolio optimization process applies to a new risk measure, which consists of the semivariance. The optimal portfolio's composition is thus determined while minimizing the downside risk (Lari-Lavassani and Li, 2003) .
Semi-variance optimization:
Assuming the targeted portfolio's performance to be r, the semi-variance writes as SemiVar ( . . 1 
where FR(.) is the empirical cumulative distribution function of random variable R (i.e. a given return series; see Deheuvels, 1979) , and FR -1 (.) is its inverse counterpart, and c (u,v,w) is the relevant copula density function (i.e. optimal copula representation). By so doing, we handle unfavorable deviations of the optimal portfolio's return from the targeted performance level, while accounting for empirical return behaviors.
Tail risk optimization:
The tail risk focuses on the probability of underperforming a given return threshold (e.g. worst-case study or analysis of bad scenarios; Dowd and Blake, 2006) . Under such setting, the investor is risk averse, and hates losses, specifically extreme losses. He/she focuses on more or less extreme scenarios, under which his/her portfolio performs very poorly. In particular, the optimal portfolio allocation seeks to minimize the likelihood that the portfolio's return underperforms the chosen threshold (i.e. minimize the probability of a more or less extreme bad scenario). We focus on extreme bad scenarios, under which the bad return target (i.e. worst envisaged critical threshold) consists of the five percent quantile of SP500 index return. We label such quantile q5%. Under this setting, the investor seeks to minimize the probability that the portfolio's return belongs to the lower tail of SP500 returns' distribution (i.e. the five percent lowest values of SP500 returns) over the investment horizon. Such view requires the optimal portfolio to outperform SP500 index during disturbed market times, so that energy market investments hedge extreme exposures to stock market risk (i.e. extreme negative SP500 returns). Assuming the targeted portfolio's performance to be r, tail risk writes as (q5%) = Pr(RP  q5%), and the optimization problem rewrites: , , 0,1 FR(.) is the empirical cumulative distribution function of random variable R (i.e. a given return series; see Deheuvels, 1979) , and FR -1 (.) is its inverse counterpart, and c (u,v,w) is the relevant copula density function (i.e. optimal copula representation). By so doing, we handle the optimal portfolio's downside risk because we target a reduced probability of unfavorable scenarios (q5%) = Pr(RP -q5%  0), and we account for empirical return behaviors.
Optimal portfolios' attributes and performance
We introduce the results of portfolio optimization, among which portfolio allocations, optimal portfolios' performance, and related performance diagnostics. All optimization processes employ the Davidon-Fletcher-Powell method, with a 10 -4 accuracy of gradient calculations (Davidon, 1991; Fletcher and Powell, 1963) . Note: All data are displayed on a percentage basis, and r = Naïve average return + 0.5 | Naïve average return|.
Variance optimization results
With respect to case 1, the optimal portfolio allocation yields short sales of SP500 index over regimes 3 and 8, while short sales of crude oil occur over regimes 4 and 7. Analogously, the optimal weights of natural gas are negative over regimes 1, 2, 4, 5 and 7. Case 2 further constrains the holdings (w1) in SP500 index to lie between zero and unity. Therefore, under case 2, short sales of SP500 become forbidden. Under such case, the optimal portfolio allocation yields short sales of crude oil over regime 7, while short sales of natural gas occur over regimes 1, 2, 4, 5 and 8. Moreover, the optimal portfolio exhibits high degrees of exposures to commodities over regimes 7 and 8 since some weights lie far above 1 in absolute value. Such features result from the joint dependence structures of portfolio constituents over previous regimes.
Strikingly, cases 3 and 4 are alike because the optimal weights of SP500 are always positive and similar in the presence and the absence of short sales. The optimal portfolio attributes negative weights to natural gas over regimes 1, 2 and 5. Finally, when switching from case 1 to case 2, the optimal portfolio's performance often experiences a drop as sketched by the remarked decrease in the upside potential ratio (UPR). Adding a weight constraint to w1 lowers more or less the optimal portfolio's performance. Table 6 displays the results of semi-variance optimization while Table 7 introduces the results of tail risk optimization.
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Downside risk optimization
Semi-variance optimization results
With respect to case 1, the optimal portfolio allocation yields short sales of SP500 index over regimes 3 and 8, while short sales of crude oil occur over regimes 4 and 7. Analogously, the optimal weights of natural gas are negative over regimes 2, 4, 5 and 7. With respect to case 2, the optimal portfolio allocation yields short sales of crude oil over regime 7, while short sales of natural gas occur over regimes 2, 4, 5 and 8. Amazingly, cases 3 and 4 are analogous since the optimal weights of SP500 are always positive and similar in the presence and the absence of short sales. The optimal portfolio sells short natural gas over regimes 1, 2, 3 and 5. Finally, when switching from case 1 to case 2, the optimal portfolio's performance often experiences a drop since the upside potential ratio (UPR) decreases. Adding a weight constraint to w1 weakens more or less the optimal portfolio's performance. 
Tail risk optimization results
With respect to case 1, the optimal portfolio allocation yields short sales of SP500 index over regimes 3 and 8, while short sales of crude oil occur over regimes 4 and 7. Analogously, the optimal weights of natural gas are negative over regimes 2, 4, 5, 7 and 8. With respect to case 2, the optimal portfolio allocation yields short sales of crude oil over regime 7, while short sales of natural gas occur over regimes 2, 4, 5 and 8. Moreover, the optimal portfolio exhibits high degrees of exposures to commodities over regimes 7 and 8 since some weights lie far above 1 in absolute value. Such features result from the joint dependence structures of portfolio constituents over previous regimes. The three constituent assets follow a Gaussian copula, which highlights the absence of tail dependence. Moreover, energy commodities are positively correlated with SP500 index over these regimes. Surprisingly, cases 3 and 4 are comparable because the optimal weights of SP500 are always positive and similar in the absence and the presence of short sales. The optimal weights of natural gas are negative over regimes 1, 2, 3 and 5. Finally, when switching from case 1 to case 2, the optimal portfolio's performance repeatedly experiences a drop as suggested by the remarked decrease in the upside potential ratio (UPR). Adding a weight constraint to w1 moderately lessens the optimal portfolio's performance.
Comparing weights' signs across risk measures and optimization constraints
When switching from case 1 to case 2 (i.e. under a return constraint coupled first with, and then, without SP500 short sales), the signs of optimal weights mainly persist under all risk measures. Many negative signs disappear when switching from case 1 to case 3, and from case 2 to case 4 (i.e. when relaxing the constraint on the expected return of the optimal portfolio). Negative weights prevail only for natural gas over regimes 1, 2, 3 (sometimes), and 5. Therefore, without a constraint on its expected return, the optimal portfolio allows less short sales. Under the variance measure and without a return constraint, both the low variance regime of natural gas, and the Gumbel dependence structure (i.e. positive correlation, and upper tail dependence) drive the persisting negative weights. Similarly, under the semi-variance and tail risk measures, the asymmetric tail dependence (i.e. Gumbel and Clayton copulas, namely upper and lower tail dependence, with positive correlation) drives negative weights. 
Comparing optimal portfolios and performance diagnostics
We first compare the compositions of optimal portfolios through a well-chosen distance measure. Then, we undertake a performance diagnostic based on cumulative returns and expected maximum drawdowns.
The cumulative return reflects the performance of optimal portfolios, whereas the expected maximum drawdown represents a measure for optimal portfolios' risk.
The potential heterogeneity, or equivalently, dissimilarity of obtained optimal portfolios is assessed through a well-chosen distance measure, across the 10 referenced periods of time. Analogously to Fulga (2016), 5 we consider the L1-norm as a distance measure. We define the average distance measure as the following dissimilarity index (DI):
where the number of constituent assets n is equal to 3, and j and k represent a pair of cases among the four possible cases (i.e. four different optimal portfolios). Setting j equal to k is equivalent to calculate the dissimilarity index of the same portfolio. In such situation, we have − = 0 whatever the considered asset i. As a result, the dissimilarity index is zero. Besides, the larger the dissimilarity index is, the more heterogeneous and dissimilar portfolios become. Since cases 3 and 4 are very close, we assimilate case 4 to case 3, so that finally we consider only 3 cases. As reported in Table 8 , optimal portfolios are generally heterogeneous under all risk measures. However, the optimal portfolios of cases 1 and 2 become homogenous over regimes 1, 2, 5, 6, 9 and 10. Such findings coincide with previous results because case 2 offsets only the negative SP500 weights of case 1 over regimes 3 and 8. Over both periods, the variance regimes of SP500, crude oil and natural gas are similar (i.e. M/M/H). The high variance regime of natural gas prices seems to drive the negative SP500 weights. Finally, under cases 1 and 3/4, the tail-risk optimal portfolios are very close over period 5. As regards cumulative returns, Table 9 displays the best-performing optimal portfolios across risk measures, over each listed period, whereas Table 10 displays annualized cumulative returns across cases. Table 10 presents the cumulative returns over the whole sample period, under each case. Table 9 displays the best-performing portfolio, which presents the highest annualized cumulative return across the three risk measures, over a given period. The optimal portfolios offering the highest period-specific annualized cumulative returns result from variance, semi-variance and tail risk minimization in 25%, 52.50% and 35%
of situations respectively. The optimal portfolios resulting from tail risk minimization generally outperform, when SP500, crude oil and natural gas present low variance regimes. The optimal portfolios resulting from semi-variance minimization offer the best annualized cumulative returns, when SP500, crude oil and natural gas display diverse and higher variance regimes. In the remainder of situations, variance optimal portfolios outperform. Additionally, the cumulative returns in Table 10 reflect the performance of a period-specific portfolio rebalancing strategy, across the four possible cases. Under any given case, portfolio optimization/rebalancing occurs over each regime within the sample period, and the same optimization criterion applies to each regime. Such regime-specific active portfolio management captures the portfolio's structural changes over time, namely the time-varying dependence structure of its assets. Tail-risk optimal portfolios outperform under cases 3 and 4, when the expected return is unconstrained. Conversely, the optimal portfolios resulting from the semi-variance minimization outperform under case 1, when the expected return is fixed (i.e. when a performance target is imposed). Finally, the positive weight constraint on SP500 index explains the poor performance of optimal portfolios under case 2. Banning short sales prevents the hedging role of energy commodities, specifically over periods 7 and 8 (see Figure 2 ). During these periods, the SP500 index presents a positive correlation with energy commodities. Such correlation strongly alters the optimal portfolio's performance. As regards drawdowns, the maximum drawdown represents the maximum loss a portfolio can experience in value or percentage (i.e. percentage drawdown), over a given period of time (e.g. investment horizon). It is measured as the difference between a peak and a nadir value of the portfolio. The maximum drawdown depends on the portfolio's average return and returns' fluctuations. The expected maximum drawdown represents the expected value of the maximum drawdown. Specifically, the expected maximum drawdown is computed while assuming the portfolio's cumulative returns to follow a Brownian motion (e.g. a random walk). Under such assumption, cumulative returns exhibit a constant drift over time with random deviations from such drift (Magdon-Ismail et al., 2004) . The expected maximum drawdown depends positively on both the investment horizon and return volatility, but negatively on the portfolio's expected return. Table 11 displays the expected maximum drawdowns of optimal portfolios over the whole sample, and under the four considered cases. The expected maximum drawdowns reflect the risk of optimally rebalanced portfolios under the considered cases. Under cases 1 and 2, semi-variance optimal portfolios exhibit the lowest expected maximum drawdowns, when the expected return of the optimal portfolio is constrained.
Differently, tail-risk optimal portfolios exhibit the lowest cumulative losses under cases 3 and 4, when the expected return of the optimal portfolio is unconstrained. The strongest loss scenario happens under case 2, when both the expected return of the optimal portfolio is fixed, and SP500 weight forbids short sales. The weakest loss scenario happens under cases 3 and 4. Thus, the constraint on the expected return reinforces the expected maximum drawdown. Such effect is magnified when we add a positivity constraint to SP500
weight. When risk is measured by the expected maximum drawdown, and performance is measured by the cumulative return, the tail-risk optimal portfolio offers therefore the best risk-return tradeoff under cases 3 and 4. Analogously, the semi-variance optimal portfolio offers the best risk-return tradeoff under case 1 (see Figure 3 ). For comparison purposes, we also carry out the active management strategy, which results from Table 9 .
Over each regime, we build/rebalance the portfolio according to the most favorable risk minimization setting (i.e. variance, semi-variance or tail-risk optimal weights). Such methodology allows for building superoptimal portfolios over the whole sample period. Such portfolios are optimally rebalanced across regimes and risk measures. Table 12 displays the risk and return attributes of the superoptimal portfolios.
The annualized cumulative returns and expected maximum drawdowns of these superoptimal portfolios are close to the ones in Table 10 and Table 11 (see Figure 4) . Due to the difficulty to forecast dependence structures and suitable risk minimization, investors can rely on previous findings since optimal and superoptimal portfolios offer close risk-return tradeoffs. As a result, active portfolio managers should build semi-variance optimal portfolios in the presence of a return constraint. Without such constraint, they should build tail-risk optimal portfolios. 
Conclusion
We consider the joint behavior of energy commodity prices and the U.S. stock market index over time. The SP500 index as well as crude oil and natural gas prices exhibit structural changes with various variance regimes. As a result, the joint dependence structure of the U.S. stock market index and the two energy commodities is unstable over time. Such feature has significant implications for investors building portfolios with these three types of assets, and requires a regime-specific analysis. In this light, we examine the implications of such regime-dependency for portfolio optimization. We minimize various risk measures after accounting for regime-specific dependence structures. The dependence structures handle the asymmetry in asset returns and tail dependency. The risk criteria consist of variance, and two downside risk measures such as semi-variance and tail risk. Moreover, we consider several minimization schemes while setting or discarding constraints on the portfolio's expected return and SP500 weight. We examine optimal portfolios while analyzing their degrees of similarity, their cumulative returns as a performance indicator, and their expected maximum drawdowns as a risk measure.
The positive weight constraint on SP500 index moderately reduces the performance of the optimal portfolio over given regimes. Besides, optimal portfolios are heterogeneous and dissimilar across regimes and risk minimization schemes. We also build optimal portfolios, which we rebalance across regimes, and analyze their risk-return tradeoff over the whole sample period. Under each risk minimization scheme, the expected maximum drawdown serves as a risk measure while the cumulative return serves as a performance measure. Under a constraint on the expected return of the optimal portfolio, the semi-variance optimal portfolio offers the best risk-return tradeoff (i.e. lowest risk and highest return). Differently, the tail-risk optimal portfolio offers the best risk-return tradeoff without constraint on the expected return. As a consequence, optimization results handle regime-dependency since they depict the joint risk structure of portfolio constituents over time. They capture the price uncertainty of both constituent assets and resulting portfolio over time, and highlight the efficiency of an active portfolio management strategy. Future research should exploit such findings, and attempt to forecast the upcoming portfolio scenarios. Potential research extensions rely on a scenario analysis, which faces two major challenges. First, the analysis needs to predict the upcoming variance regimes of constituent assets, and then those of the portfolio. Second, such approach needs to identify the plausible dependence structures over the forthcoming variance regimes. For example, such scenario analysis can exploit the plurality of past variance regimes and corresponding dependence structures.
